Math-Aquarium [Exercises + Solutions] Expansion and Factoring of Expressions

Expansion and factorization of expressions

il

(1) Arrange the following expressions in descending order for the letters in [ ] and answer the order and constant

terms when focusing on the letters in [ ].

O 282+3+a*+2a*+3a*+a® [a]

@ X+ +2+xytyztzx [z]

(2) If A=x?>+2ax+2 and B=a?>—3ax+ 1, calculate the following.
@ 34+2B

@ A—{2B+3(4—2B)}

solution
(Hh © 2a*+3+a*+2a*+3a>+a*=a’+3a*+54*+3
The order is 6 and the constant term is 3.
@ Xy +2+xytyztoxe=2+ @+t t+xy
The order is 2, the constant term is x>+ y*+xy.
2 © 34+2B=3(*+2ax+2)+2(a>—3ax+1)=3x>+6ax+6+2a>— 6ax+2
=3x*+24*+8
@ A—{2B+3(4—2B)} =A—(2B+34—6B)=A—2B—34+6B=—24+4B
=—2(x*+2ax+2)+4(a*—3ax+1)=—2x>—4ax—4+4a>—12ax+4
= —2x*—16ax+4a?

2]

(1) Calculate the following expressions.

@O (—24%) @ X (—x)%2)?
(2) Expand the following expressions.

O @@—x—D2x+1) @ (at+b+1)2a—3b—1)
solution

(1) @ (—2a%)=(—2ya>b*=—8a'h}
@  2PX (=P =x23 X (— 1R 22 =1 X 22X T4 X 2= xdyTg2
2 O @E—x—Dx+DH=@*—x—1)2x+@*—x—1)1=23—2x2—2x+x>—x—1
=23—x?—3x—1
@ (a+b+1)2a—3b—1)=aa—3b—1)+b2a—3b—1)+1-Qa—3b—1)
=2a*—3ab—a+2ab—3b*—b+2a—3b—1
=2a>—ab—3b0+a—4b—1
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Expand the following expressions.

(1) (a—2b) 2) @+20)(3—2)
3) (@a—5)(at+7) 4 (5x—4y)(3x+2yp)
solution

(1) (a—2bY=a>—2-a-2b+(2b)*=a®>—4ab+4b*

(2) (B+2x)(3—2x)=32—(2x)>=9—4x?

3) (@ Sat+N=d+(—5+TNa—5T=a*+2a—35

4) GCx—4)Bx+2))=(5-3)x*+ {5-2y+(—4y)-3}x—4y-2y=15x*—2xy— 8y?

Expand the following expressions.
(1) *+x+1)? 2) (@a*+1)Rat1)2a—1)

solution
(1) Ifx’+x=A4,then (x> +x+ 1y =U+1)?>=A42+24+1=(>+x)>+2(x*+x)+1
=x*+ 23+ 24+ 2x2 4+ 2x + 1 =x4+ 234+ 3x2+2x+1

Alternative solution
Substituting a=x?, b=x, c=1 for (at+b+c)*=a’>+b*+ >+ 2ab-+2bc+2ca,
@ +x+1)?=2)?+x2+ 124222 x+2x1+2-1-x2
=xt 2+ 1+28°3 + 20+ 22 =x*+ 23+ 32+ 2x+ 1
2) @+ 1DRa+1)Ra—1DH=@a?+1){Ra)*— 12} =({4a*+ 1)(4a>—1)=(4a>)*—1?
=16a*—1

Factorize the following expressions.

1
(1) 3ax*—6a*h 2) 16a*>+8a+1 ?3) x2*x+z
) 642—25) (5) @+3ab—10p 6) 32—12
solution

(1) Bax*—6a*h=3a x*—3a2ab=23a(x*—2ab)
Q) 16a2+8a+1=(4a)P+2-4a- 1+ 12=(4a+1)?

3 2__ _i_l:z_z.,l_._}z: X_EZ
R A R 2

(4)  64x2—25y>=(8x)>— (55)*= (8x+5y)(8x—5y)
(5) @+3ab—100>=a>+(5b—2b)a+5b-(—2b)=(a+ 5b)(a—2b)
6) 3x2—12=3(x2—4)=3(x>—20)=3(x+2)(x—2)
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@ Factorize the following expressions.
(1) 3x2+5x—2
(3) 6x2+txy—2)?

(2) 4a’>+8a+3
4) 8a>—14ab—15h?

solution
(1) 3x2+5x—2=(x+2)(3x—1)

Q) 4a+8a+3=Qa+1)2a+3)

3) 6x?txy—2y*=(2x—y)(3x+2y)

(4) 8a>—14ab— 15b*=(2a— 5b)(4a+3b)

5
2><1 — 2
2 3 — o6
8
X7
3 2y —> 4y
y
2><—5b — —20b
4 3b — 6b
—14b

Factorize the following expressions.
1) x+y+DHEx+y+2)—6

2) 4a*>—9b*>+6bc—?

solution
(1) Ifx+y=A,then

Gyt Dty+2)—6=UA+1)(A+2)—6=A2+34+2—6=A>+34—4

=UA+4)A4—1)
=kxtyt+4)(xt+y—1)

(2) From 4a>—9b>+6bc—c*=4a*>— (96> —6bc+c?)=4a>— {(3b)*—2-3b-c+c?} =4a>— (Bb—c)?,

if 3b—c=A,then

4a>—9b*+6bc—c*=4a*— A*=(2a)*—A*=(a+A)(2a—A)
={2a+Bb—c)}{2a—(3b—c)}
=Qa+3b—c)(2a—3b+c¢)




Math-Aquarium [Exercises + Solutions] Expansion and Factoring of Expressions

Factorize the following expressions.

(1) x*>—2xy+3x—4y+2 (2) 6ab+4a—3b—2
(3) 2x2+3xy—2>+x+2y 4) 2x2+7xy+3y>—5x—10y+3
solution

(1) xX*—2xy+3x—4y+2=(—2x—4)y+x>+3x+2=—2(x+2)p+x+1)(x+2)
=x+2){—2yF+(x+1)}=x+2)x—2y+1)
) 6ab+d4a—3b—2=2a(3b+2)—(3bh+2)
—@b+2)2a—1)
Alternative solution 6ab+4a—3b—2=3b2a—1)+22a—1)=(2a—1)3b+2)
B) 2x*+3xy—2y*+tx+2y=2x2+By+ 1x—2)>+2y

=22+ (3y+ Dx—2y(—1) ! P vy — Y
=Gt )2 1)) 27 o onh
=+ 2p)x—y+1) Wyl
(Note) The same factorization can be done by arranging y in descending order.
‘A [ternative soluti on‘ First factorize the quadratic expression.
2x2+3xy—2y? +x+2y=(x+2v)2x—y) +x+2» 1 Yy — 4y
=@T2)2x—y+1) 2 >< —y — —y
3y
4) 2x2+7xy+3y?—5x—10y+3=2x*+(Ty—5)x+3y*—10y+3 1 3 — 9
3 -1 — —1
=2>+(Ty—5x+(—3)3y—1) ~10
=t Gy D20t 3) D e
=(@+3p—1)(2x+y—3) 2 073 — »73
Ty—35
(Note) The same factorization can be done by arranging y in descending order.
Alternative solution| First factorize the quadratic expression.
2x%+Txy+3y*—5x—10y+3=(x+3y)2x+y)—5x— 10y +3 1 3y — 6y
In this case, the quadratic expression for t 2 >< y —>
(x+3»)2x+)2+(—5x—10y)t+3 7y
and factorize it by using the cross multiplication
(r+39)2x+ 1)+ (— Sx—10y)i+3 (x3y) >< -1 Ty
= {3 Qe 3] SRR S

Where, substituting ¢ = 1 —5x—10y

x+3y)2x+y)—5x—10y+3=(x+3y—1)2x+y—3)

4



Math-Aquarium [Exercises + Solutions] Expansion and Factoring of Expressions

(1) Expand the following expressions.

O @Bx—1y @ (4a+3b)(16a*— 12ab+9b%)

(2) Factorize the following equation.

O 1-d @ 100053+

solution
1) @O Gx—1P=0GxP—3-Gx) 14335 12— 3=273—27x2+9x—1
@  (4a-+3b)(16a>—12ab+9b%) = (4a+ 3b){(4a)’—4a-3b+(3bY2} =(4a) + (3b)}
=64a’*+27b°
2 O 1—-@=P—ad=0—a)(1*+1at+a®)=A—a)(1+at+a?)
@ 1000+ =(10x)*+3?=(10x+){(10x)>— 10x - y+)?}
=(10x+y)(100x>—10xy+y?)

Study 2 Factorize the following equation.

(1 x*—1 2) x*—2x>—8
3) x*+4 @ x*—3x*+1
solution

(1) If2=X, then x*—1=(22—1=X2— 1 =(X+ )(X—1)= 2+ 1)2—1)
=+ D(x+1DEx—1)
) If2=X, then x*— 22— 8= (22— 22— 8= X2—2X— 8= (X+2)(X—4) = (2 +2)(:2—4)
=x*+2)(x+2)(x—2)
(3) From (x*+2)>=x*+4x>+4,
X A4=x* A2 +4— 4> = (> +2)>—4x?
and can be transformed. From this it follows that
X A4=(2 4272 —4x?= {(x*+2) +2x} {(x*+2)—2x}
=2 +2x+2)(x*—2x+2)
(4) From (x*>—1)>=x*—2x>+1,
=32t 1= 22 1 == (32— 1) — X2
and can be transformed. From this it follows that
=32+ 1= 1) == {(*— D) +x} {(:2—1)—x}
=@ +x—1)2—x—1)




