Math-Aquarium [Exercises + Solutions] Trigonometric function

Trigonometric function

il

In the coordinate plane with point O as the origin, take the positive part of the x-axis as the starting line and illustrate
the radius of motion OP rotated by the following angle. Also, express the general angle 8 represented by the radius

of motion OP in the form #=a+360° X n (0°=a<360°, n is an integer), and answer in what quadrant the angle is.

(1) 800 Va (2) —200 Va

0 > 0 >
solution
(1)

800° =80° +360° X2, angle in the first quadrant

@) v,
—200° =160° +360° X(—1), angle in the second quadrant




Math-Aquarium [Exercises + Solutions] Trigonometric function

Rewrite the following angles in degrees to arc degrees and arc degrees to degrees, respectively.

. ) 13
(1) 135 (2) —108 ® 3 @ -7
solution

T 3
1) 135° =135x — =2
&y 180 4"
(2) —108° = —108x —— = 3

= 180 5"

3) T=lx1goe =900
2 2 B

4) L 13><180°— 234°
107~ " 10 =
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Find the arc length [ and area S of a fan shape whose radius is 9 and whose central angle is 37

solution
=9 2 =6
= 31‘[— V3

S—l 92 2 =27
=3 37 =27m

‘Alternative solution for S‘

1
5=§ *9-6m=27n

Let radius r and central angle 8 be the length 1 of the arc of

the fan shape and the area S of the fan shape.

l=10
5—120—11
—2" 7T




Math-Aquarium [Exercises + Solutions] Trigonometric function

Find the values of sinf, cosf, and tand, respectively, when 8 has the following values.

1 > 2 3
( ) §7T ( ) —ZT[
solution

(1) LetP be the intersection of the radius of motion of 37

and the circle of radius 2 centered at the origin,
P(l, — \/§), so we have

5 3 _ 43
sm31r— 5= 5
5 _1
COS§7T—E,
5 -3
tangn—T——\/E.

3
(2) LetP be the intersection of the radius of motion of — i

and the circle of radius V2 centered at the origin,

P(—1, —1),s0we have

. ( 3 ) -1 1
sin|——-mw)|=—=——,

4 V2 2

3 -1 1
cos(—zn) :ﬁ: 5
tan(—En) =_—1: 1.

4 -1

P(—1, —1)
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1
If 8 is an angle in the fourth quadrant and cos 6 = 3’ find the values of sinf and tan#, respectively.

solution
2

1 8
From sin?6+cos?6=1,sin’0 = 1 — cos?0 =1 — (§> =5

Since @ is the angle in the fourth quadrant, sinf<<0 .

8 2v2
Therefore, sin@ = —\/; = -3

sin 8 2V2 1
Also,tan 0 = =-—)+==-2V2.
cosf 3 3
| Alternative solution | Draw adiagram to find it.
.. . y
From the conditions, we take the point P(1, ) 4
in the fourth quadrant where =3 and x=1 . 3
At this time, y= — /32 — 12 = —2V/2.
. 2v2 —3 ) 3
Therefore,sin 6 = — = 0\' O >
—22 3
tanf = —— = —2v2. Yo
1 —3[ P )




Math-Aquarium [Exercises + Solutions] Trigonometric function

]

1
When sin 6 + cos8 = > find the value of the following expression.

(1) sind cosf (2) sin*0-+cos’0

solution

1 1
(1) Squaring both sides of sinf + cosf = 5 yields sin?6 + 2 sin 6 cos 6 + cos?6 = 1
. . 1 . 3
From sin%6 + cos?6 = 1, we get1l+ 2sinfcosf = ik Therefore, sin 6 cos 8 = ~8

1 3 11
(2) sin36 + cos36 = (sinB + cos B)(sin?6 — sin O cos O + cos?H) = E{l - (— 5)} =16

| Alternative solution |

sin30 + cos36 = (sinf + cos0)3 — 3 sin 6 cos O (sin @ + cos )

_(1)3 3 ( 3) 1_1+9_11
—\2) "8/ 2 816 16
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Find the following values.

) sinte (2)t(3) (3) sin—sr+ cose
SII’ITT[ an ZT( SIHETL’ COSng’
solution
(1)_100__(4+32)__4_\/§

SII’ITT[—SID §T[ s —Sln§7'[— 7

3 3
(2) tan(—zn) = —tanzn =—-(-1)=1

3) 3 4 4 o (n n)+ ( n)_ T n_o
smlon c055n—51n2 z cos(m z —cos5 coss—
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(1) Graph the following functions. Find its period.

1 T
@ y=—§C059 @ y=tan260 ® y=sin(9+i)+1
(2)  For the functions (D through 3 in (1), answer which are even functions and which are odd functions,
respectively.
solution

(1) @ The graph is shown on the right.
The period is 2z.

@ The graph is shown on the right.

4
The period is 7

o)
S

NS

(@ The graph is shown on the right.
The period is 2.

(2) In @ through @), let y=£(0).
O f(-6) = —%cos(—@) = —%cos@ = f(8)
@ f(—6)=tan(—26)= —tan 20=—1(6)
® f(=06) =sin(—9+g)+1=c059+1=sin(9 +%)+1 = f(0)

Therefore, the even functions are @O and ®), and the odd functions are @ .




Math-Aquarium [Exercises + Solutions] Trigonometric function

@ Solve the following equations and inequalities for 0 =0<2r .

1 1
1) sinf =-—— 2) cosf >-=
™ % @) .
solution
(1) Lettheint ti fthe li ! d '3
et the intersection of the liney = —— an
y 2 1
the unit circle P and Q as shown in the figure on the right. 5
—1f AR |1
Therefore, the required 6 is R =X
0 5 7 1
=-m, —T. —
5 P _-—
2™ 3 7 I @ YT
1
r 1
V2
1 1
(2) Letthe intersection of the line x = > and Ya x= 2
Llp
the unit circle P and Q as shown in the figure on the right. T
= 1
Therefore, the range of 8 satisfying the inequality is ) 3 g 2 \1
O >
m 5 5
0§0<§, §n<0<2n. 37
10
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i1
(1) Solve the equation 2 sin (9 — E) =—/3 for0<6<2m.

(2) Solve the following equations and inequalities for 0 =0<2r .

@ 2sin?4+3cosd—3=0 ® 2sin?4+3cosd—3=0

solution

m V3
(1) IfX=6——,thensinX = ——. Ya
6 2 1

Here, the possible values of X range from /\
s s s —1 O
0§9<27‘[t0—g§9——<2ﬂ——, <

6 6 )L

T 1
< — _- —
thus 6=X<6TL'. E —1 y= 3
2

4 5
From this, the X we seekis X = §TL’, 3 T.

Thatis,§ — ~= 4q, 2 From the above, 8 = o1, L.
atis, c=3™ 37 rom the above, 0 = 5w, ——1.

2) @ sin?0+cos’d=1 to sin0=1—cos?0.
Thus, the given equation is 2(1— cos?6)+3cosd—3 =0, X =
2—2co0s*0+3cosf—3=0, Ya
2cos?0—3cosf+1=0,
(2cosf—1)(cosfd—1)=0.

1
From this, cos 0 = > 1.

S

T 5
From0 =0 < 2m,0 =0, 3 —TT. x=1

w

@ Transforming as in (D, we obtain
2(1—cos?0)+3cosf—3=0, 1
2—2co0s*0+3cosf—3=0, 2
2co0s?0—3cosf+1=0,

y
(2cosf—1)(cosf—1)=0.
1 —1
Ny
—1

From this,z =cosf = 1.

Since 0 = 6 < 2w, the range of 0 to be sought is

m 5 x=1
- =0 <2m.

0 5
3" 3

A

7]

1A

10
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Find the maximum and minimum values of the function y=sin?6-+ cosf when 0= < 2x.

Also, find the value of & at that time.

solution
sin?0+cos?0=1 to sin?6=1—cos?0.
Thus, the given function can be transformed to
y=(1—cos?0)+cosf
= —cos?+cosf+1.
Where cosf=tand —1=¢=1.
The given functionisy = —t2 +t + 1
=—(t*—-t)+1

- (t 1) 1
B 2 4
B (t 1)2+5
B 2 4
Thus,yhasamaximumvalueofZWhent=zandaminimumvalue of —1whent=-1.
Where 0 = 0 < 2m,
thtt—1 i 9—1t 0= >
so tha —z,smcecos =3 0 =3 31r, N ‘ .
sothatt = —1,since cos@ = —1tof =m. 1

5 T 5
From the above, the maximum value is 7 when 6 = 3 511:,

and the minimum value is — 1 when 0 =m.

-
.

11
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Find the following values.

5
(1) sin15° (2) cos195° (3) tanﬁn

solution

(1) sin15° = sin(45°— 30°) = sin 45°cos 30° — cos 45°sin 30°
1 V3 11 V3-1 J6-+2

V22 VZ2 2z @ 4

| Alternative solution |

15° = 60° — 45° may be considered.

sin 15° = sin(60° — 45°) = sin 60° cos 45° — cos 60° sin 45°

2 V2 22 4
(2) c0s195° = cos(45° + 150°) = cos 45°cos 150° — sin 45°sin 150°

1_< \/§> 11 —V3-1_ V6++V2

V2 \ 2) V22 22 4
T T
(3) -—m =—=+—,and therefore
12 6 4 " in the arc degree method is
5 T T
tan—n=tan(—+—) 5
12 6 4 W X 180° = 75° in the degree method.
T T
tane + tanz 75° = 30° 4 45° can be considered.
= i3 i3
1- tang . tanZ
i +1 2
3 _1+v3 . (1+43) _1+m@+3_4+m@_2+«§
1_%:1 V3-1 (V3-1)(V3+1) 3-1 2 :
3

12
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T 3 3
0<a<-, mr<f<-mand cosa = sinff = —g,find the following values.

2 2 13’
(1) sin(a—p) (2) cos(a—p)
solution

n 12)? ,169——144 5
(@9 Fr0m0<a’<§,sina>0. Therefore,sina = /1 —cos?a = 1_(E) = =@ T3

3 3\ 4
Fromn<ﬁ<§n,cosﬁ<0. Therefore,cos f = —/1 —sin? g = — 1—(——) =-c-

_ _ _ 5 4\ 12 3 16
Thus, sin(a — ) = sina cos § — cosa sin 8 =E-(—§>—E-(—§> =55

) 5 4
(2) From (1),sina =13’ cosf = —z

_ _ 12 4 5 3 63
Therefore, cos(a — ) = cosa cosf + sinasinff = ‘el (—§> +E- (—§> =&

13
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Find the acute angle 8 formed by the two lines y=>5x and 2x=3y .

solution
The slope of the line y=>5x1is 5 .

2 2
Line 2x = 3y can be transformed into line y = §x, so the slope is 3
Let a and S be the angles between the two lines and the positive part of the x — axis, respectively .

tana = 5and tanf =3

2
tana —tanfl 5—§

Therefore,tan 6 = tan(a — ) = =1.

1+tanatanﬁ_1+5_2
3

From0 <0 <= @ =2
rom 5:0=7

14
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T 1
Find the values of sin2a, cos2a, and tan2a when 5 <a<mand sina = 1

solution
T ’ 1,2 V15
Fr0m5<a<n,cosa<0. Therefore,cosa = —/1 —sin2a = — 1_<Z> =—T.
1 15 V15
Thus,sin2a=25inacosa=2-z-<—g>=—7,

1\ 7
c052a=1—25in2a=1—2-(—) =—,

4 8
tan 2 _sin2a_ V15 7_ V15
an a_c052a_ 8 8 7

15
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a a a 3 4
Find the values of sinE, cosE,and tanz when ET[ < a<?2mand sina = —z-

solution

3 4H* 3
Fr0m§n<a’<2n,cosa>0. Therefore,cosa = /1 —sin?2a = 1—(—§> =§.

3 a a a a
Moreover, from ZT[ < 5 <m, smE >0, cosz <0,tan=<0.

3
h L, 1—cosa 1—§
S, sin“ = = = =

4 2 2

N
ul| =

V5
? .

) a>0 . a 1_
sm2 ,sosmz— T =

ullw

2_ —
Cos 2 2

a 1+cosa_1+
2

ul]

a a 4 25
cos§< 0,so cosE= —|==——.

16
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Solve the following equations and inequalities for 0=0<2x .
(1) sin20 = —/2cos6 (2) cos20<3cosf+1

solution
(1) From sin 26 = 2sin 6 cos 8, the given equation is 2sin 8 cos@ = —vV2 cos6 .

To summarize, we have cos 6 (2 sin@ + \/E) =0.

V2 _
Therefore,cos@ = 0 or sinf = -5 Yax=0
1
Since 0 = 0 < 2m,
. w3 0 .
solving for cos 8 = 0 yields 6 = 5 7 ) X
Solving for sinf = —— yields 8 =-n, -m. _ye —1 2
2 4 4 2
From the ab btain 8 ==, 2, o, -
rom the above, we obtain @ =, —m, -m, .
(2) From cos20=2co0s?0— 1, transforming the given equation, 2cos?0—1<3cosf+1,

2cos*0—3cosf—2<0,

(cos#—2)(2cosf+1)<0 . X = 1 Ya
Since —1=cosf=1, cos#—2<0 at all times . 2 1

. 1
Therefore,2cos8 +1>0. That is, cos 68 > —3 _1/ \
O "X
2 4
Thus,0=0<_-m, -w<O<2m. 1
33 2 —1

17
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Transform the following equation into the form rsin(6+a) . However, >0 and —z<a=r.

(1) —sin6 + cos@ (2) V3sin® —3cosH
solution
(1) —sin@ + cos@,take the point P(—l, 1) as shown Ya
in the figure on the right, which is P(—1, 1) _____ 1
3 i
r=+J(=1D%+12 =2, a=_m. 5 N
-1 0 "X
3
Therefore, —sin 8 + cos 0 = V2 sin (0 + Zn) .

(Note) By using the additive theorem on the right-hand side, we can check if we have deformed it correctly.

3 3 3 1 1
\/Esin(e +—n) =\/§(sin9cos—n+cosesin—n> = \/E{sine . (——) + cos 8 —} = —sinf + cos @
4 4 4 V2 V2

(2) V3sin® —3cos 6, take the point P(v3, —3) asshown

in the figure on the right, which is Ya
2 V3

r= /(\/§) +(=3)2 =2v3, 0 >y

I
a=—=.

3

_3 .......
P(V3, —3)

T
Therefore, V3 sin6 — 3 cos§ = 23 sin (0 — §) .

18
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Solve the following equations and inequalities for 0=0<2x .

(1) sin@—+v3cosf—1=0 (2) V2sin@++v2cosf = —/3
solution
(1) From the figure on the right, y
A
T
sinB—\/§c059=25in(9——). 1
3 : >
ON_T: X
Therefore, transforming the given equation, we obtain ".2 3
Ty 1 “\!
sin({f —=) ==. —\/3 |-\
( 3) 2 P(1, —V3)
T T 5
F ——=0—--<2m7,
rom Ty =rTysgt L U
5 1 1
m w 5 2 -
——_=—_ = y=
=376 &" RN
7 —1 L
T N >
Thus,0=5, gn Qi_% X
_1 -
(2) From the figure on the right, y
A
s
V2sin6 + 2 cos6 = 2 sin (9 + Z) . V2 [ A P(‘/E’ ‘/E)
2/
Therefore, transforming the given equation, we obtain A X
; 4 1
T V3 O V2
i N
sin (9 + 4) =-5
Frmn<6+n<9 lving for Ya
om = 7 < 7™ solving fo
. T _ V3
sm(e +Z) = —7,
to + m_2 > "
we ge 2-3% 37
= V3
4 m _5 _ﬁ Y=
From this, we get §7T§9+Z§§n. 2

h 13 <9<17
us, HM=0=om.

19
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Find the maximum and minimum values of the function y = V3sin@ + cos® — 1 when 0 < 6 < 2.

Also, find the value of @ at that time.

solution
From the figure on the right, y
A
v
\/§sin9+c059=25in(9+—). P(3, 1)
6 l """'::::='I
27
Therefore, the given function is y = 2 sin (9 + E) -1 s | >
' 6/ 0 EI
T T 13
<9<2 —<04+-<n.
0=0< n,so6_9+6< e
s
—1§sin(9+—)§1,so—3§y§1. A
6 1 -

T T T T
sin (9 +E) = 1,then @ +€ = E,therefore 0= 3

] T T 3 4
sm(@ +€) = —1,then o +€ = En,therefore@ = §n.

Thus, it takes the maximum value 1 when 6 =

w|d

4
and the minimum value — 3 when 8 = §Tl’ .

20
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If the equation sin?0+ cosf—a=0 has three solutions with 0= <2z, find the value of the constant a.

solution
sin?0+cos20=1, so sin?d=1—cos?f . A
If cosf=x,then —1=x=1.

The given equation is 1 —x>+x=a..

Let f(x) =1—x2+x be ij-—a\_ y=1
fO)=—x*+x+1=—-x*-x)+1 1
=_{<x—1)2—1}+1=—(x_1>2+5. — o 4 \:."-_"
2) " a 2) "4 11
The graph of the function y=f(x) is shown on the right . ?
The equation for a given @ has three solutions 1
when the graph of the function y=£(x) and the line y=a intersect
atx=1land —1<x<1.
Or when the curve and the line intersect o 3
atx=—1land —1<x<1. When x = 0 and 1,49:5, En, 0, satisfying

From the graph on the right, y=/'(x) and y=1 intersect the subject of having three solutions .

at x=0 and 1, so the value of a to be found is a=1 .

21
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Study 2 | Find the following values.

(1) sin105° cos15° (2) cos15° cos75°
(3) sin15°+ sin75° (4) cos15°— cos105°
solution

1 1
(1) sin105° cos15° = E{sin(105° + 15°) +sin(105° — 15°)} = > (sin 120° 4 sin 90°)

2

1CE 1>=v§+2

2 4

1 1
(2) cos15° cos75° = E{COS(ISO + 75°) 4+ cos(15° — 75°)} = E{cos 90° + cos(—60°)}

_1<0+1)_1
) 2) 4

(3) in 15° + sin 75° = 2si 1574757 150_750—2 in 45° (=30°)=2 L3
sin sin = 2sin 3 cos > = 2sin cos =253
~15°+105° 15°—105°
(4) cos15°—cos105°= —2sin > sin 3
V3 1y V6
=-—2$n60°shﬁ—45°)=-—2-7?-(—;6>::7?

22
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Study 3 When 0= §< 2z, answer the following questions.

(1) Find the maximum and minimum values of the function y=sinfcos#—+/3 sin?6 .
Also, find the value of é at that time.
(2) Find the maximum and minimum values of the function y=sin26—2sind+2cosf .

Also, find the value of 4 at that time.

solution
(D sin9c059=8in29, sin29=ﬂ,so y
2 2 A
] ] sin 26 1 —cos26 V3 |- ; :=,P(1’ V3)
y = sin6 cos —3sin? 0 = —\/§-T 2/ :
J ni
1 V3 Y
=—(sin20 + V3 cos26) — — 3. >
2( ) 2 ¢} 1 X
1 ) Ty V3 ] Ty V3
=§-251n(29+§)—7=sm(29+§)—7.
T m 13
<9 <2m then <20+ o< r.
0=60< n,ten3_ 9+3<3n
Therefore, 20 + - = -, 2, thatis, y takes the maxi lue1—"> whend = =, =
erefore, 3= 5 MW thatis y takes the maximum value 5 when6=—, —m,
20+ =21 L1 thatis, y takes the mini e —1-Y3 wheno = —m, 12
3 =5 5 thatis y takes the minimum value 5 when6=-—m, ——m.

23
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(2) If t=sin O—cos O, then >=sin?> —2sin O cos O+ cos?> 6=1—sin 26, so sin 20=1—+¢ .
Therefore,y = sin20 — 2sinf + 2cos @ = sin20 — 2(sinf —cosf) = (1 —t?) — 2t = —t?> -2t + 1
=—(t+1)*+1+1=—-(t+1)>*+2.

T Ya
Where t = sin@ — cos8 = \/Esin(e _Z)

o _T
T n 7 n 4 !
andsince0 S0 <2m,——S0——=<-m e ®), V2
4 4 4
—-V2=sts42.

Therefore, from the figure on the right,

vy has a maximum value of 2 when t=—1
and a minimum value of — 1 — 2V2 whent = 2.

Whent = —l,sin(e —%) = _i

= 5 from @ .

s m 5
Solving in the range of @) yields § — 1

Thatis, 8 = 0, En.

Whent=\/§,sin(9—%) =1fromQD.

— : T . 3
Solving in the range of @) yields 6 — 13" Thatis, 6 = riE

3
From the above, the maximum value is 2 when 8 = 0 and 2 T,

3
and the minimum value is — 1 — 2v/2 when @ = Zn.

24



